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Quantifying Output Power and Dynamic Charge
Distribution in Sliding Mode Freestanding Triboelectric
Nanogenerator

Xin Guo, Jiajia Shao, Morten Willatzen, Xiaolin Wang, and Zhong Lin Wang*

The general concept of dielectric polarization density (P) is a macroscopic
description of the underlying microscopic structure in the presence of an
external electric field and polarized materials itself. A time-dependent
polarization PS induced by a non-electric field also exists in practice due to the
mechanically driven relative motion of media owing to the effects of contact
electrification or piezoelectricity. In this work, the starting point is to consider
the difference between P and PS, and how PS enters into the governing
equations, since it describes the dielectric polarization density without an
applied electric field, finally modifying the constitutive relations, Faraday’s
law, and Maxwell’s equations. On this background, a 3D
mathematical-physical model for the sliding mode freestanding triboelectric
nanogenerators (TENGs) is established that is taken as an example to confirm
the relationship of free charge distribution and dynamics of output power.
What needs to be emphasized is that the method of segmented uniform
charge distribution is effective and the physical basis for modeling
construction and analysis. Finally, we summarized the mathematical-physical
models of TENGs in rectangular coordinates, cylindrical coordinates, and
spherical coordinates, building a bridge to reveal the underlying principle
behind the microscopic polarization and energy conversion.

1. Introduction

The generation of electromagnetic energy is a non-conservative
process when we consider the energy conversion system asso-
ciated with an external energy source. For instance, the tribo-
electric nanogenerator (TENG) is a novel alternating current (ac)
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electricity generator which is based on
a time-varying electric polarization of
dielectric materials without an applied
electric field.[1–6] An external energy in-
put such as mechanical energy is es-
sential during the generation of elec-
tricity. Therefore, to understand the dy-
namic evolutions of the electromagnetic
field, the classical Maxwell’s equations
should be expanded with the consider-
ation of an external energy source.[7–10]

This means that the form of Maxwell’s
equations must be extended with an ap-
propriate redefinition of some physics
quantities. Against it should be noticed
that the Maxwell-Faraday law cannot ex-
plain the generation of electromotive
force in TENGs since there is no obvi-
ous change of magnetic flux when con-
verting the mechanical energy into elec-
tricity. In general, the force due to the
external energy source acts on each free
and bound charge which provides a non-
conservative electromotive force, finally
producing electricity.[11–13]

The external energy source mainly comes in two types: electric
energy sources and non-electric energy sources.[11–13] Regarding
the former as an ideal voltage generator or battery produces a di-
rect current (dc) voltage and an electric field directly, the force per
unit charge due to the external energy source enables the elec-
trons to move in the opposite direction, realizing the separation
of opposite polarity charges within the voltage source.[11–14] The
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non-electric energy source provides a force on the electric charges
which requires generalization of the constitutive relations and re-
sults in a modification of Maxwell’s equations.[11,12] The above ap-
proach has been utilized to investigate the dc bound-charge volt-
age source which is essentially a bar electret.[15–18] The electret
exhibits a quasi-permanent electric field due to its macroscopic
polarization; and it is overall electrically neutral.[15–18] So, there is
no free charge or current within the system, thus the divergence
of electric flux density (D) and the curl of the electric field density
must be zero. For a general linear electret, the relationship of D
and electric field E becomes[11]:

D = 𝜀0E + 𝜀0𝜒E + Pi
b (1)

where 𝜖0, and 𝜒 represent the vacuum permittivity and electric
susceptibility respectively; and Pi

b is the permanent polarization
that is independent of E. It should be noticed that the divergence
of E is nonzero, because of the physical separation of bound
charges 𝜌bPi

. Then[11]:

𝜀0𝜀r∇ ⋅ E = −∇ ⋅ Pi
b = 𝜌bPi

(2)

The dc voltage source () can be obtained through the integral
of the whole circuit, which gives

𝜀 = 1
𝜀0𝜀r ∮ Pi

b ⋅ dl (3)

Different from the dc bound-charge voltage source, a polar-
ization vector term PS has been introduced in the displacement
vector D to clarify the energy conversion process of TENGs and
piezoelectric nanogenerators (PENGs).[7–10,19,20] For the TENG,
the pre-existing electrostatic charges play a key role in the gener-
ation of PS. Here the electrostatic charge is a triboelectric charge
which is a non-movable free charge.[21–24] These charges are cre-
ated during the contact-separation process between media and
cannot move freely in a macroscopic way since they are dis-
tributed in the dielectrics.[25–27,28–30] The triboelectric charges gen-
erate the electric field which then polarizes dielectric materials,
and this polarization will produce its own electric field, thereby
contributing to the total electric field, and in turn updates the to-
tal polarization. The end result for the electric displacement D in
linear media becomes[7–10]:

D = 𝜀0E + P + PS (4)

Note that here the E is the total electric field, not that portion
generated by the polarization or an external electric field. There-
fore, the electric Gauss law is modified as:

∇ ⋅ D′ = 𝜌f − ∇ ⋅ PS (5)

where 𝜌f is the free charge density. Here we make a substitution
of D’ by D = D’ + PS. The corresponding integral form reads:

∮S
D′ ⋅ dS = Qfree (6)

where Qfree denotes the total free charge enclosed in the volume.
This approach is useful and widely appreciated for dielectric me-

dia because it only involves free charges that we can control.
There are two kinds of free charges in a TENG device: triboelec-
tric charges distributed in the dielectric media and free movable
charges on the electrodes. Experimentalists have stressed that tri-
boelectric charges are the key to all of them.[7,31] The purpose of
this article is to thoroughly elucidate the relationship between the
charge distributions and dynamics of the energy conversion pro-
cess of TENGs.

In this work, we will exhibit the relationships between the
free charge distribution and dynamics of energy conversion, tak-
ing the sliding mode freestanding triboelectric nanogenerator
(SF-TENG) as an example. Since the free movable charges dis-
tributed on the electrodes of a SF-TENG are non-uniform and
time-dependent, the complete charge distribution is still a mys-
tery. A detailed and accurate mathematical-physical model de-
scribing the dynamics of the energy conversion process of the
SF-TENG is lacking to this day, although they have been applied
widely in engineering.[32–34] In this work, a 3D mathematical-
physical model of SF-TENGs is established that allows us to an-
alyze the relationships between free charge distribution and out-
put characteristics. In particular, variations of the electric poten-
tial, electric field, displacement current, output power, and quasi-
electrostatic energy at different conditions are revealed. Further,
the present approach summarizes the physical models of TENGs
with various geometry structures and free charge distributions.
Note that the research framework and approaches discussed in
this work are also useful for other modes of TENGs. Against this
background, it is then very fitting to conclude that utilizing the
time-varying polarization (physical dipole) to generate electricity
is the physical essence of TENGs.

2. General Theory and Modeling

As stated before, the vector PS represents an additional source
for polarization of the dielectric materials, and the corresponding
generated bound current (Jsb) is obtained by

∇ × PS = −𝜀0𝜀rJsb (7)

Due to the additional term PS and the added magnetic current
boundary source, classical Maxwell’s equations could be general-
ized as

∇ ⋅ D′ = 𝜌f − ∇ ⋅ PS (8a)

∇ ⋅ B = 0 (8b)

∇ × E = −𝜕B
𝜕t

(8c)

∇ × H = Jf +
𝜕D′

𝜕t
+

𝜕PS

𝜕t
(8d)

where B is the magnetic flux density, Jf is the free electric cur-
rent density and the material is assumed non-magnetic. If the
polarization has curl, the displacement field does, as observed in
Equation (8c). For a TENG device, the origin of the total force per
unit charge E is the free movable charges distributed on the elec-
trodes and free non-movable charges in dielectrics. Subsequently,
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Figure 1. Basic output characteristics of the MSF-TENG. a) Structural schematic diagram of the MSF-TENG. b) VOC and QSC with respect to the ratio
x/A. c) Conductive current and displacement current changing with time. Schematic diagram of the charge distribution for MSF-TENG in d) Region I, e)
II and f) III, respectively. g) The charge distributions at electrodes, top metal, and transferred charges in a steady cycle when an optimum resistor (Ropt
= 3.15×108Ω) is connected.

it leads to the production of potential difference of TENGs. On
the other hand, the dielectric polarization PS introduced by a
non-electric field can be regarded as a voltage source inside the
medium but does not exist outside it. As demonstrated in Equa-
tion (4), the constitutive relations are modified due to the micro-
scopic polarization PS as are Faraday’s law and Maxwell’s equa-
tions.

Furthermore, there are differences between permanent polar-
ization Pi

band redefined polarization PS. The permanent polariza-
tion Pi

b, essentially a part of the traditional polarization, is usu-
ally generated through an external electric field. The term PS is
produced due to mechanical excitation which is independent of
an external electric field. On the other hand, the macroscopic
polarization Pi

bis often found in an ideal bar electret which can
be maintained over a long time due to the permanent bound
charges; but PS can disappear in the absence of electrostatic
charges. Microscopically, PS is introduced to describe the polar-
ization degree of dielectrics that is equal to the dipole moment
per unit volume. It should be clear that the potential (and thus the
corresponding electric field) of a polarized material is the same
as that produced by a volume charge density 𝜌b = −∇ · P plus
a surface charge density 𝜎b = −P ⋅ ‚n. Both the volume charges
and surface charges are designated bound charges. This is why
we stress that an associated external energy source should be ap-

plied to separate positive and negative charges for the generation
of induced dipole moments. So, the general polarization P and
permanent polarization Pi

bcome from the external electric field,
while the additional term PS is due to the pre-existing electrostatic
charges caused by external mechanical excitation. In other words,
the various sources for polarization contributions are different.

Because a TENG device is usually operated at low frequency
magnetic fields are extremely weak, such that ∇ × E ≈ 0. Then,
the total electric field E can be identified by a scalar potential ϕ: E
= −∇ϕ. The details of how to obtain the electric field and electric
potential of TENGs have been proposed in our previously pub-
lished articles.[19–23] Here, we put our focus on the SF-TENG en-
ergy harvesting device. It is worth highlighting that the physical
laws do not depend on the choice of coordinate systems used in
a mathematical model but the quantitative relationships among
physical quantities must be uniquely described in any mathe-
matical model. A 3D mathematical-physical model is present
from which we could explore how the sources (such as the free
charges) affect the spatial-temporal behavior of electromagnetic
fields for a SF-TENG device and the relevant energy conversion
process. Two typical metals SF-TENG (MSF-TENG) and dielec-
tric SF-TENG (DSF-TENG) are demonstrated in Figure 1a, re-
spectively, which are classified based on the charge distribution
and geometry structure. As the sliding part moves left and right
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under a mechanical excitation, free charges are produced that
flow between electrodes 1 and 2 to keep electrostatic equilibrium;
electricity is converted and outputted in the external circuit dur-
ing the sliding process. At the same time, redistribution of in-
duced free charges is observed in the top metal. This is a compre-
hensive energy conversion process which may be difficult to un-
derstand owing to a scarcity of details. For instance, we must be
conscious of how the polarization of dielectric material changes
under the time-varying electric field generated by the dynamics
of charge distributions both at the contacting surfaces and the
electrodes.

Since the highly asymmetric geometry structure and the air
gap between the two electrodes which affect the divergence of
the electric field, the charge distributions are divided into three
states according to the position (x(t)) of the sliding part (Fig-
ure 1d). It is apparent that in state I: – (W+g)/2 < x(t) ≤ – (W-
g)/2, state II: -(W-g)/2 < x(t) < (W-g)/2, and state III: (W-g)/2 ≤

x(t) < (W+g)/2), where W and g represent the width of the dielec-
tric and air gap, respectively. Each Arabic number represents a
special charged surface, such as the starting point and endpoint
of different electrodes are set as x1, x2(t), x3, x4, x5(t), and x6, re-
spectively (Figure 1d). As the top metal moves from left to right;
or conversely, x2(t), and x5(t) change with time. The details of
charge distributions are illustrated in Appendix A. They are based
on the following principles or assumptions: a) the MSF-TENG is
neutral at any time, thus it can be regarded as a lumped element
due to the lumped matter discipline (LMD); b) the free charges
are segmented and distributed uniformly on the electrodes; c)
the electric potential of the electrode is evaluated through some
special points, since it is difficult to establish an equipotential
for the metal electrode in term of boundary conditions of quasi-
electrostatics. So, the MSF-TENG device has been modeled as a
highly complex system with a complicated charge distribution
and the special ability of self-regulatory to be neutral during the
energy conversion process.

As stated above, once the charge distributions are confirmed,
the corresponding electric potential can be evaluated by the equa-
tions given in Appendix B. Note that a representative point is
located at the intersection between the perpendicular bisector
of the charged surface and the electrode. There are three cases
we should consider. First, all free charges (QU) can be trans-
ferred from one electrode to the other at short-circuit (SC) condi-
tions; consequently, the electric potentials of the two electrodes
are equal to each other, i.e., ϕ1(t) = ϕ2(t), where ϕ1(t) and ϕ2(t)
represent the electric potential of electrode 1, and electrode 2,
respectively. In the open-circuit (OC) case, no free charges are
transferred between the two electrodes, thus − VOC = ϕ1(t) −
ϕ2(t), where VOC represents the open-circuit voltage of the SF-
TENG. When an external resistor (ZL) is connected, the time-
varying charge transfer is determined by−ZL

dQU

dt
= 𝜙1(t) − 𝜙2(t).

This governing equation is a first-order linear differential equa-
tion that can be solved to determine the time-variant physical
quantities of the TENG device.

3. Results and Discussion

Numerical calculations from the 3D model and the finite ele-
ment simulation (FEM) have been carried out. The correspond-
ing modeling parameters are shown in Table 1. As demonstrated

Table 1. Simulation parameters and materials for the 2D simulations using
COMSOL software.

Structure Parameters

Metals Aluminum

Dielectric 1 Custom material, 𝜖r1 = 2

Dielectric 2 Custom material, 𝜖r2 = 3

Thickness of metal electrodes, dm 20 μm

Thickness of dielectric layers, dd 100 μm

Width of dielectrics and metals, W 0.05 m

Width of air gap between electrodes, g 0.01 m

Vertical gap between dielectric 1 and 2 10−5 m

Side length of a square air domain, a 4 m

Charge density on the lower surface of
dielectric 1

-10 μC m−2

Charge density on the upper surfaces of
dielectric 2

5 μC m−2

in Figure 1b, the variations of VOC and QSC calculated using
the 3D model are similar to those of the results from the FEM
model, indicating the correctness and precision of the built 3D
mathematical-physical model. It should be noticed that in state
II, QSC is proportional to the relative position (x/A, where A is
equivalent to g/2+W/2) of the sliding part, and the variation of
VOC is consistent with the theoretical results reported in Refer-
ence 32. Moreover, the SC current and the displacement current
(ID,SC) are the same in magnitude except in opposite directions
(Figure 1c).

As the sliding part moves subject to a continuous external exci-
tation using an optimum value of the resistor, the variations of the
quasi-electromagnetic field of MSF-TENG will cause free charge
redistribution in the electrodes (Figure 1g). When x/A = 0 (state
II, Figure 1e) the free charge density (𝜎) at the non-overlapped
regions (represented by No. 4, 5) of the upper surfaces of the elec-
trode 1 and electrode 2 is equal to –𝜎T (-5 μC/m2) while that of at
the top electrode (No. 8) is close to 2𝜎T (10 μC/m2). The charge
distributions in the overlapped regions are more complex than
those in the non-overlapped regions. Opposite electrical charges
are distributed in the No. 6 region compared to those in the No. 4
region, and the corresponding 𝜎 is smaller than 20 μC/m2; inter-
estingly, in the No.7 region, like charges are induced, and the rel-
evant 𝜎 is larger than that of at the non-overlapped region (No.5).
This means that the total charge at the upper surface of electrode
2 is negative when the charge at electrode 1 is positive. The im-
balance is an outcome of transferred charges between the two
electrodes; however, the total amount of charge distributed in the
electrodes remains the same and may be zero or a constant but
it doesn’t change during the energy conversion process.

Furthermore, the induced charges in the lower surfaces of
the top metal at regions No. 9 and No. 10 have opposite signs
since they are largely affected by the total charges contained in
the two electrodes. For instance, the total amount of charge in
electrode 2 is negative, thus to maintain dynamic equilibrium
the free charges induced in region No. 10 must be positive (Fig-
ure 1g3). Note that net induced charge in the top metal is zero
at any time because no charges are transferred in or out during
the energy harvesting process except for connecting an external

Adv. Physics Res. 2022, 2200039 2200039 (4 of 16) © 2022 The Authors. Advanced Physics Research published by Wiley-VCH GmbH

 27511200, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/apxr.202200039 by C

as-B
eijing Institution O

f, W
iley O

nline L
ibrary on [27/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



www.advancedsciencenews.com www.advphysicsres.com

Figure 2. Output characteristics of the MSF-TENG at SC conditions. Schematic diagram of the sliding part and charge distributions at a) x = 0 mm,
b) -20 mm, and c) -25 mm, respectively. d) Dz at point P with respect to the ratio x/A. e) Electrostatic energy distributed in the dielectric, air, and total
electrostatic energy of the system at SC conditions.

circuit. Quantitatively, the charge densities at the overlapped re-
gions of No. 6 and 7 are calculated by: 𝜎6 = -QU/W11+𝜎TW10/W11,
and 𝜎7 = QU/W21+𝜎TW20/W21, where W10 = x2(t)-x1, W11 = x3-
x2(t), W20 = x6-x5(t), and W21 = x5(t)-x4, respectively. For the
regions of No. 9 and 10, they can be confirmed by: 𝜎9 = 𝜎T-
𝜎TW10/W11+QU/W11, and 𝜎10 = 𝜎T-𝜎TW20/W21-QU/W21, respec-
tively. Details are demonstrated in Appendix A.

In addition, when the sliding part moves to the right and close
to x/A = 0.59 (0.71 s), the electrons will follow moving from elec-
trode 2 to electrode 1 continuously until reaching a new equilib-
rium state (Figure 1g). As a result, negative charges are trans-
ferred to electrode 1, and the induced charge at the region of
No. 6 changes from positive to negative; meanwhile, less nega-
tive charge (or more positive charges) is distributed in the over-
lapped region of No. 5. Conversely, if the sliding part moves to
the left x/A = -0.59 (0.76 s), a mirror symmetry charge distribu-
tion is observed in Figure 1g, which is mainly due to the electrons
transferred from electrode 1 to electrode 2 to maintain electrical
neutrality of the TENG device. Some basic conclusions can be

obtained from the above analysis: 1) the charge density 𝜎 at the
non-overlapped region of electrodes never changes as the slid-
ing part moves but it has an opposite sign compared to that of
the corresponding contacting surface; 2) although both positive
and negative charges are distributed on one electrode, the to-
tal charge is exactly conserved (Figure 1g5); 3) net charges in-
duced in top metal is zero or a constant depending on its initial
state. Figure 1g4 illustrates a whole movement period under si-
nusoidal excitation: x(t) = AFsin(2𝜋ft) while the corresponding
charge transfer (QU) is observed in Figure 1g5. The results show
that the phase position of QU is out of phase with that of the me-
chanical shift which is mainly caused by the external resistor and
the geometry structure of the MSF-TENG device.

Inevitably charge transfer and redistribution will be affected
by the external circuit conditions. Typically, we assume that all
charges will be transferred under SC conditions, and Figure 2a–
c displays the relationship between charge distribution and x/A.
When x/A = -0.83 (Figure 2c1), total charges in electrode 1 are
positive (Figure 2c2) which means that opposite charges are
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Figure 3. Output characteristics of the MSF-TENG at OC conditions. a) Schematic diagram of the sliding part at x = -10 mm, and b) the corresponding
charge distributions at electrodes and top metal, respectively. c) Distributions of electric potential and electric field at x = 0 mm, -10 mm, and -30 mm,
respectively. d) Magnification of electric field at the edge of the dielectric with clearly visible strong edge effects. e) Dz at point P with respect to the ratio
x/A. f) Electrostatic energy in the dielectric, air, and the total electrostatic energy of the system at OC conditions.

distributed in electrode 2 (Figure S2, Supporting Information).
Although 𝜎 at the overlapped regions of the top metal decreases
to -0.5 μC m−2, at the non-overlapped regions it is maintained
at 10 μC m−2 in order to keep the total induced free charge to
zero as a consequence of charge conversation. After confirming
the free charge distribution, it is necessary to stress the variation
of electric displacement (D) as x/A changes. Figure 2d demon-
strates the change of z-component of D (DZ) evaluated at the cen-
ter of dielectric 1 (the point of P in Figure 2a1). At stage II, DZ
keeps a constant (close to -10 μC/m2) when point P moves within
the air gap, but it abruptly increases to 2.5 μC m−2 as point P
moves into overlapped regions (Figure 2b1). This strange phe-
nomenon is attributed to the free charges changing from posi-
tive/negative to negative/positive when the point P moves from
the non-overlapped region to the overlapped region. During the
sliding process, the small change of DZ indicates that less exter-
nal energy is needed to change the status of the energy conver-
sion system. However, if x becomes bigger and close to AF, the
corresponding DZ gradually decreases until zero at x/A=±1 (Fig-

ure 2c1). From Figure 2e, it is seen that there is little variation of
the quasi-electrostatic energy at stage II. On the other hand, if the
evaluated point is located at the center of dielectric 2 (Point Q), a
sudden change of the corresponding DZ occurs at the overlapped
regions (Figure S2, Supporting Information).

The other extreme is that no charge is transferred between
the two electrodes at OC conditions (Figure 3). The variations
of charge distributions are similar to those of a connected exter-
nal resistor; but the former’s performance is highly non-uniform,
especially when the overlapped region is rather limited. As illus-
trated in Figure 3b, when x = -10 mm (x/A = -1/3), the charge
density at the overlapped region of the electrode 2 reaches 20
μC m−2, while in the top metal the charge density suddenly de-
creases to -15 μC m−2 which gives rise to a distortion of the elec-
tric field distributed not only in the air gap but also around the
edges of dielectrics at the overlapped region (Figure 3c,d). Cer-
tainly, the corresponding regions could exhibit an extremely large
divergence owing to the non-uniform distribution of free charges
in the electrodes. Moreover, the z-component of E (EZ) at point P

Adv. Physics Res. 2022, 2200039 2200039 (6 of 16) © 2022 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 4. Influence of structural parameters on output characteristics of the MSF-TENG. Influence of the air gap on a) QSC, VOC, and b) the corresponding
average of total electrostatic energy. Influence of the thickness of dielectrics on c) QSC, VOC, and d) the corresponding average of total electrostatic energy.
e) Influence of the permittivity on QSC, and VOC, respectively. f) Pav under various loading conditions for the MSF-TENG when g = 10 mm, and g = 1
mm (the inset), respectively.

varies as x/A changes (Figure 3e). It is apparent that the strength
of EZ displays a sharp decrease and then changes its direction
when the sliding part moves off the central location, indicating
that much more energy has been provided to polarize the dielec-
tric 1. As demonstrated in Figure 3f, a large amount of quasi-
electrostatic energy (Etotal) is stored in the MSF-TENG device sys-
tem, especially when the sliding part moves close to the edge,
i.e., x/A = ±1. Compared to Etotal and the electrostatic energy dis-
tributed in the air (Eair), there is nearly no energy distributed in
the dielectrics (Edie). Evidently, there is no power output to the
external circuit under SC or OC conditions; even so, additional
mechanical energy should be provided to a TENG energy conver-
sion system so as to change the operation state.

Typically, source quantities and field quantities within the
TENGs are usually explored through Maxwell’s equations based
on a mathematical-physical model while the circuit variables in
an external circuit can be revealed by circuit theory according to
the capacitive model. Circuit theory is essentially a new abstrac-
tion layer created on top of Maxwell’s equations which provides
convenience for engineering applications, and by which the ca-
pacitive model is established. How the design parameters such
as the width of air gap between electrodes (g), the thickness of
dielectric (d), and dielectric constant (𝜖) influence the basic out-
put performance of the MSF-TENG device has been carried out
and demonstrated in Figure 4. As g increases, the nonlinear de-
gree of charge transfer becomes more obvious (Figure 4a). This

Adv. Physics Res. 2022, 2200039 2200039 (7 of 16) © 2022 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 5. Output comparisons of the MSF-TENG and the DSF-TENG. a) Structural schematic diagram of the DSF-TENG. Charge distributions of elec-
trode 1 at b) SC conditions, and c) OC conditions when x = -20 mm and x = 0 mm, respectively. d) Schematics of equivalent capacitance circuits. e)
Individual capacitances of the equivalent capacitance circuit of MSF-TENG with respect to the ratio x/A.

is because the increase of g leads to a decrease in the overlapped
regions between dielectric 1 and dielectric 2, resulting in an in-
creased non-uniform charge distribution at the electrodes. How-
ever, if the thickness of dielectric is increased, the linear relation-
ship between the thickness and QSC becomes obvious at differ-
ent x/A values (Figure 4c). Either increasing g or the thickness of
dielectric, the average electrostatic energy (Wes,av) distributed in
the MSF-TENG device exhibits a growing tendency (Figure 4b,d).
On the other hand, a larger g will increase the output energy of
the MSF-TENG at a fixed frequency, thus affecting the average
power (Pav) output in the external circuit; yet, it has little effect
on the total transferred charges at SC conditions (QSC). So, the
Pav is dominated by the peak of VOC (VOC,peak) and increases with
g (Figure 4f). Except for the thickness of the dielectric, the rela-
tive permittivity displays a relatively small effect on VOC and QSC
(Figure 4e). This is because VOC is equivalent to the potential dif-
ference between the two electrodes which mainly depends on the
charges distributed on them. But it should be noticed that the
induced charges on the electrodes of the MSF-TENG are not in-
fluenced by the relative permittivity of dielectrics (𝜖r1, 𝜖r2). There-
fore, although the geometry structure and material selection are
important factors, and that affect the output performance, the
physical fundament and the relations among variables of a TENG
device will never change.

A similar method has been utilized to quantitatively analyze
the charge distributions of the DSF-TENG (Figure 5a, Note S2,
Supporting Information). It can be easily proven that charge dis-
tributions of the DSF-TENG are completely similar to those of
the MSF-TENG whether at SC or OC conditions (Figure 5b,c).
For the MSF-TENG, there are ten different segmented charge

distributions; but the number of segmented charges decreases to
seven for the DSF-TENG (Figure S5, Supporting Information). At
the overlapped regions, whether under SC or OC conditions, the
charge density of the DSF-TENG is lower than that of the MSF-
TENG; but at the non-overlapped regions, an opposite effect oc-
curs, in particular at the edges of the electrodes (Figure 5b,c). The
biggest reason for this is that the top metal shields the electric
field from the external region of TENG device; in other words,
this electrostatic shielding will minimize the effects of electric
field distortion and the uneven distribution due to space charge.
Hence, the electric field distribution of the MSF-TENG should be
more uniform when compared with that of the DSF-TENG espe-
cially located at the same position (Figure S6, Supporting Infor-
mation). It is a fact that electrostatic charge-based electric fields
diverge away from points of positive charge and converge toward
points of negative charge; thus, it is zero if we make a closed-
loop integral. This is an important reason why the charge density
of the DSF-TENG does not display abrupt changes in the MSF-
TENG device. Based on the above assumptions, a comparison of
electric flux passing through a closed Gaussian surface of elec-
trode 1 for the DSF-TENG and MSF-TENG is demonstrated in
Figure S7 (Supporting Information). The time-variation of elec-
tric flux for the MSF-TENG shows obvious non-linear character-
istics both at SC conditions and when connected to an optimum
resistor which is caused by a sudden change in charge distribu-
tion in electrode 1.

Material selection and structure control of a TENG device spec-
ify its charge distributions, and then its output characteristics
under different mechanical excitations and external electric sys-
tems. Equivalent circuit models of the two typical SF-TENGs have

Adv. Physics Res. 2022, 2200039 2200039 (8 of 16) © 2022 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 6. Mathematical-physical model of TENGs with different structures in rectangular coordinates, cylindrical coordinates, and spherical coordinates,
respectively. a) The direction of relative movement is parallel to a charged surface, and b) perpendicular to a charged surface, and c) there exists non-
planar charge distributions.

been carried out according to the node analysis method that is
beneficial to study linear networks (Figure 5d). Because none of
the three charged dielectric surfaces are equipotential, they can-
not be regarded as three circuit nodes. The capacitance formed
between electrodes by tribo-charged surfaces is defined as the
parasitic capacitance (CP) which is usually small and can be ne-
glected. The equivalent capacitance of MSF-TENG (CM) is written
as:

CM = C12 + 1∕(1∕C13 + 1∕C23) + CP ≈ C12 + 1∕(1∕C13 + 1∕C23)

(9)

where C12 represents the mutual capacitance between the two
electrodes; C13, and C23 denote the capacitances between the top
metal and electrode 1, top metal and electrode 2, respectively.
Using the same approach, the capacitance of DSF-TENG (CD) is
given by:

CD = C12 + CP ≈ C12 (10)

Numerical results in Figure 5d3 demonstrate that as the slid-
ing part moves side to side, the CD exhibits little change but an
extremely large value for CM appears when the MSF-TENG is lo-
cated at the midpoint (x/A = 0). Calculated results depicted in
Figure 5e show the specific changes of the CM when x/A varies
from -1 to 1, and similar results have been found in previously
published work.[32]

The most significant function of a TENG device is that it can
convert mechanical energy into electricity; because of this great
advantage, it can be utilized either as a power source or a self-
powered sensor toward applications. Although different models
such as a capacitive model or a mathematical-physical model
have been established, they are all based on Maxwell’s equations
combined with circuit theory. Geometric structure and material
selection mainly affect the charge generation and distribution in
a TENG device, consequently influencing the displacement cur-
rent and the external circuit conduction current. In other words,
the most important purpose of modeling a TENG is to clarify
how the free charges move and redistribute without an exter-
nal electric field. Therefore, according to the charge distribution
and mechanical excitation, the TENGs can be divided into three

Adv. Physics Res. 2022, 2200039 2200039 (9 of 16) © 2022 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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classes which are illustrated in Figure 6: a) the direction of rela-
tive movement is parallel to a charged surface, and b) perpendic-
ular to a charged surface, and c) there exists non-planar charge
distributions. Combining with different geometry structures, a
mathematical-physical model in rectangular coordinates, cylin-
drical coordinates, spherical coordinates, or other coordinates,[35]

is theoretically applicable to any arbitrarily complex charge distri-
butions and different configurations of TENG devices. Moreover,
through this model, one can get a full appreciation of the time-
varying displacement current which has been proven to be the
driving force of TENGs. Note that the above analysis is based
on two assumptions: 1) a TENG device is neutral at any time
and thus it is equivalent to a lumped element described by a
lumped parameter; 2) a TENG device is usually operated under
a low working frequency, so it intrinsically relates to the quasi-
electromagnetic field distribution. In addition, it is also should
be noticed that the edge effect is practically inevitable because
the electric field around the edges of TENGs cannot suddenly de-
crease to zero owing to electrostatics. Therefore, in this work suit-
able conditions have been chosen to make the influence of edge
effect minimum, which is aimed to ensure the above assump-
tions are always tenable.

4. Conclusion

In summary, we have explored the electricity generation process
by a time-varying polarization in the absence of a pre-existing
electric field. One of the key points here is to understand the
microscopic description caused by variations of free charges dis-
tributed on electrodes and contacting surfaces of a TENG de-
vice. Unifying the microscopic description with a macroscopic
description, it has been proved that the source term PS (Wang
term) is necessarily built into Maxwell’s equations because it pro-
vides a connection between the microscopic polarization and the
associated external energy source, whereby the constitutive rela-
tions and the form of Faraday’s law, and Maxwell’s equations are
modified. Different from the traditional electromagnetic gener-
ator based on Faraday’s law, the electromotive force of a TENG
device is a potential difference caused by the free charge distribu-
tion which results in a time-variation of the dielectric polarization
and subsequently a time-variation of electric displacement (dis-
placement current). This is qualitatively different from the other
types of energy harvesting devices.

Moreover, we take the SF-TENG as an example to illustrate the
relationship between the free charge distribution and the energy
harvesting process. Through a segmented charge distribution,
a 3D mathematical-physical model of SF-TENG has been estab-
lished. We can confirm that the charge distribution and dielectric
polarization mainly depend on the geometry structure, material
selection, and external circuit conditions. Furthermore, equiva-
lent circuit models of the MSF-TENG and DSF-TENG are present
according to lumped parameter circuit theory. Then, we can thor-
oughly clarify why the total capacitance of the DSF-TENG is al-
most constant but that of the MSF-TENG is time-varying. Finally,
the mathematical-physical model of TENGs in rectangular co-
ordinates, cylindrical coordinates, and spherical coordinates are
summarized so as to improve its suitability to a range of geome-
tries. Theoretically, we anticipate that understanding the mecha-

nism of TENGs with any configurations and precisely controlling
the dynamic outputs can be accomplished through our approach.

5. Experimental Section
Numerical calculations of the 3D mathematical-physical model are

demonstrated through MATLAB software (Mathworks Inc.); and the cor-
responding modeling process is provided in supplementary Notes S1 and
S2. Basic output performances of the SF-TENGs at OC and SC conditions
are carried out utilizing COMSOL Multiphysics software with the finite el-
ement method (FEM). Parameters utilized in these simulations can be
found in Figure S2 (Supporting Information). Note that since the TENG is
generally operated at a low working frequency, FEM simulations are per-
formed in a quasi-electrostatic field. When using the software COMSOL,
the electric displacement and electric field should satisfy

∇ ⋅ D = 𝜌v (11)

E = −∇V (12)

where 𝜌v and V are the charge density and electric potential related to the
spatial position, respectively. The potential of all boundaries of the air do-
main is set to 0 (V = 0). At SC conditions, the electrodes of an SF-TENG
are set to have the same floating potential terminal. On the contrary, the
floating potentials of each electrode are different at OC conditions. In par-
ticular, the floating potential boundary satisfies

∫
𝜕Ω

D ⋅ ndS = Q0 (13)

V ≡ const (14)

where Ω represents all boundaries of the domains, n refers to the unit
normal vector of the boundary, and Q0 is the total free charge. Charge
densities on the lower surface of dielectric 1 and the upper surfaces of
dielectric 2 are set to -10 μC m−2, and 5 μC m−2, respectively. The electric
field on both sides of these interfaces between air and dielectric satisfies:

(E2 − E1) × n = 0 (15)

(D2 − D1) ⋅ n = 𝜎S (16)

where E1 (D1) and E2 (D2) represent the electric field (and electric dis-
placement) distributed in air and dielectrics, respectively. n refers to the
unit normal vector of the boundary and 𝜎S denotes the charge density
on the interfaces. All related physical quantities, such as electric charge,
electric distribution, electric field, dielectric polarization, and electric dis-
placement can be directly obtained from COMSOL software through post
processing. Parameters and materials of simulations using COMSOL
software for the MSF-TENG and DSF-TENG device which are listed in
Table 1.

Appendix A: Charge distribution of MSF-TENG

Table A1.
State I: W10 = x2(t)-x1, W11 = x3-x2(t), W20 = W, W21 = 0;
State II: W10 = x2(t)-x1, W11 = x3-x2(t), W20 = x6-x5(t), W21 =

x5(t)-x4;
State III: W10 = W, W11 = 0, W20 = x6-x5(t), W21 = x5(t)-x4.
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Table A1. Charge density on charged surfaces for the three spatial states of the MSF-TENG.

Surface State I (Figure 1d) State II (Figure 1e) State III (Figure 1f)

1 -2𝜎T -2𝜎T -2𝜎T

2 𝜎T 𝜎T 𝜎T

3 𝜎T 𝜎T 𝜎T

4 -𝜎T -𝜎T -𝜎T

5 -QU/W11+𝜎TW10/W11 -𝜎T QU/W21+𝜎TW20/W21

6 QU/W20 -QU/W11+𝜎TW10/W11 -QU/W10

7 𝜎T-𝜎TW10/W11+QU/W11 QU/W21+𝜎TW20/W21 𝜎T-𝜎TW20/W21-QU/W21

8 –W11(𝜎T-𝜎TW10/W11+QU/W11)/W10 2𝜎T -W21(𝜎T-𝜎TW20/W21-QU/W21)/W20

9 – 𝜎T-𝜎TW10/W11+QU/W11 –

10 – 𝜎T-𝜎TW20/W21-QU/W21 –

Note: W10 and W11 represent the width of the non-overlapping portion and the overlapping portion of electrode 1 and the freestanding layer, respectively. W20 and
W21represents the width of the non-overlapping portion and the overlapping portion of electrode 2 and the freestanding layer, respectively. QU stands for the transferred
charges between electrodes.

Appendix B: Electric potential of MSF-TENG

When the freestanding layer is located in state I, the electric potential of electrode 1 can be calculated by:

𝜙1 (t) =
8∑

i=1

𝜙i,1 (t) (B1)

where

𝜙1,1 (t) =
−2𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x5(t)

x3
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z1

)2
]1∕2

+ ∫
x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z1

)2
]1∕2

⎫⎪⎬⎪⎭
(B1.1)

𝜙2,1 (t) =
𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xB − x′

)2 +
(
yB − y′

)2 +
(
zB − z2

)2
]1∕2

+ ∫
x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z2

)2
]1∕2

⎫⎪⎬⎪⎭
(B1.2)

𝜙3,1 (t) =
𝜎T

4𝜋𝜀0 ∫
x6

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z3

)2
]1∕2

(B1.3)

𝜙4,1 (t) =
−𝜎T

4𝜋𝜀0 ∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xB − x′

)2 +
(
yB − y′

)2 +
(
zB − z4

)2
]1∕2

(B1.4)

𝜙5,1 (t) = 1
4𝜋𝜀0

(
−

QU

W11
+

𝜎TW10

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z5

)2
]1∕2

(B1.5)

𝜙6,1 (t) =
QU

4𝜋𝜀0W20 ∫
x6

x4
∫

L
2

− L
2

dx′ dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z6

)2
]1∕2

(B1.6)

𝜙7,1 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW10

W11
+

QU

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z7

)2
]1∕2

(B1.7)
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𝜙8,1 (t) = −
W11

4𝜋𝜀0W10

(
𝜎T −

𝜎TW10

W11
+

QU

W11

)
∫

x5(t)

x3
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z8

)2
]1∕2

(B1.8)

In the same way, the electric potential of electrode 2 can be obtained:

𝜙2 (t) =
8∑

i=1

𝜙i,2 (t) (B2)

where

𝜙1,2 (t) =
−2𝜎T

4𝜋𝜀0 ∫
x5(t)

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z1

)2
]1∕2

(B2.1)

𝜙2,2 (t) =
𝜎T

4𝜋𝜀0 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z2

)2
]1∕2

(B2.2)

𝜙3,2 (t) =
𝜎T

4𝜋𝜀0 ∫
x6

x4
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z3

)2
]1∕2

(B2.3)

𝜙4,2 (t) =
−𝜎T

4𝜋𝜀0 ∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z4

)2
]1∕2

(B2.4)

𝜙5,2 (t) = 1
4𝜋𝜀0

(
−
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W11
+
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W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z5

)2
]1∕2

(B2.5)

𝜙6,2 (t) =
QU
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∫
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2
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2
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(
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(
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]1∕2

(B2.6)

𝜙7,2 (t) = 1
4𝜋𝜀0
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)
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(
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)2
]1∕2

(B2.7)

𝜙8,2 (t) = −
W11

4𝜋𝜀0W10

(
𝜎T −

𝜎TW10

W11
+

QU

W11

)
∫

x5(t)

x3
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z8

)2
]1∕2

(B2.8)

For Equation (B1.1) – (B2.8), the coordinate of points A–D in Figure 1d is represented by (x𝛼 , y𝛼 , z𝛼), where 𝛼 denotes these
capital letters, respectively. zi (where i takes the value from 1 to 8) represents the z-positions of these different eight charged planes,
respectively; in particular, we have z2 = z3, z4 = z5 = z6, z7 = z8.

When the freestanding layer is in state II, the electric potential of electrode 1 can be calculated by:

𝜙1 (t) =
10∑
i=1

𝜙i,1 (t) (B3)

where

𝜙1,1 (t) =
−2𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x5(t)

x3
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z1

)2
]1∕2

+ ∫
x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z1

)2
]1∕2

⎫⎪⎬⎪⎭
(B3.1)
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𝜙2,1 (t) =
𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xB − x′

)2 +
(
yB − y′

)2 +
(
zB − z2

)2
]1∕2

+ ∫
x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z2

)2
]1∕2

⎫⎪⎬⎪⎭
(B3.2)

𝜙3,1 (t) =
𝜎T

4𝜋𝜀0 ∫
x6

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z3

)2
]1∕2

(B3.3)

𝜙4,1 (t) =
−𝜎T

4𝜋𝜀0 ∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xB − x′

)2 +
(
yB − y′

)2 +
(
zB − z4

)2
]1∕2

(B3.4)

𝜙5,1 (t) =
−𝜎T

4𝜋𝜀0 ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z5

)2
]1∕2

(B3.5)

𝜙6,1 (t) = 1
4𝜋𝜀0

(
−

QU

W11
+

𝜎TW10

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z6

)2
]1∕2

(B3.6)

𝜙7,1 (t) = 1
4𝜋𝜀0

(
QU

W21
+

𝜎TW20

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z7

)2
]1∕2

(B3.7)

𝜙8,1 (t) =
2𝜎T

4𝜋𝜀0 ∫
x4

x3
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z8

)2
]1∕2

(B3.8)

𝜙9,1 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW10

W11
+

QU

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xC − x′

)2 +
(
yC − y′

)2 +
(
zC − z9

)2
]1∕2

(B3.9)

𝜙10,1 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z10

)2
]1∕2

(B3.10)

The electric potential of electrode 2 is given by:

𝜙2 (t) =
10∑
i=1

𝜙i,2 (t) (B4)

where

𝜙1,2 (t) =
−2𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x4

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z1

)2
]1∕2

+ ∫
x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z1

)2
]1∕2

⎫⎪⎬⎪⎭
(B4.1)

𝜙2,2 (t) =
𝜎T

4𝜋𝜀0 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z2

)2
]1∕2

(B4.2)

𝜙3,2 (t) =
𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z3

)2
]1∕2

+ ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xE − x′

)2 +
(
yE − y′

)2 +
(
zE − z3

)2
]1∕2

⎫⎪⎬⎪⎭
(B4.3)
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𝜙4,2 (t) =
−𝜎T

4𝜋𝜀0 ∫
x2(t)

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z4

)2
]1∕2

(B4.4)

𝜙5,2 (t) =
−𝜎T

4𝜋𝜀0 ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xE − x′

)2 +
(
yE − y′

)2 +
(
zE − z5

)2
]1∕2

(B4.5)

𝜙6,2 (t) = 1
4𝜋𝜀0

(
−

QU

W11
+

𝜎TW10

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z6

)2
]1∕2

(B4.6)

𝜙7,2 (t) = 1
4𝜋𝜀0

(
QU

W21
+

𝜎TW20

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z7

)2
]1∕2

(B4.7)

𝜙8,2 (t) =
2𝜎T

4𝜋𝜀0 ∫
x4

x3
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z8

)2
]1∕2

(B4.8)

𝜙9,2 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW10

W11
+

QU

W11

)
∫

x3

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z9

)2
]1∕2

(B4.9)

𝜙10,2 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z10

)2
]1∕2

(B4.10)

For Equation (B3.1) – (B4.10), the coordinate of points A–F in Figure 1e is represented by (x𝛼 , y𝛼 , z𝛼), where 𝛼 denotes these
capital letters, respectively. zi (where i takes the value from 1 to 10) represents the z-positions of these different ten charged planes,
respectively; in particular, we have z2 = z3, z4 = z5 = z6 = z7, z8 = z9 = z10.

When the freestanding layer is in state III, the electric potential of electrode 1 can be obtained:

𝜙1 (t) =
8∑

i=1

𝜙i,1 (t) (B5)

where

𝜙1,1 (t) =
−2𝜎T

4𝜋𝜀0 ∫
x5(t)

x2(t) ∫
L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z1

)2
]1∕2

(B5.1)

𝜙2,1 (t) =
𝜎T

4𝜋𝜀0 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z2

)2
]1∕2

(B5.2)

𝜙3,1 (t) =
𝜎T

4𝜋𝜀0 ∫
x6

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z3

)2
]1∕2

(B5.3)

𝜙4,1 (t) =
−𝜎T

4𝜋𝜀0 ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z4

)2
]1∕2

(B5.4)

𝜙5,1 (t) = 1
4𝜋𝜀0

(
QU

W21
+

𝜎TW20

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z5

)2
]1∕2

(B5.5)
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𝜙6,1 (t) = −
QU

4𝜋𝜀0W10 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z6

)2
]1∕2

(B5.6)

𝜙7,1 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z7

)2
]1∕2

(B5.7)

𝜙8,1 (t) = −
W21

4𝜋𝜀0W20

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x4

x2(t) ∫
L
2

− L
2

dx′dy′[(
xA − x′

)2 +
(
yA − y′

)2 +
(
zA − z8

)2
]1∕2

(B5.8)

The electric potential of electrode 2 is:

𝜙2 (t) =
8∑

i=1

𝜙i,2 (t) (B6)

where

𝜙1,2 (t) =
−2𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x4

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z1

)2
]1∕2

+ ∫
x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z1

)2
]1∕2

⎫⎪⎬⎪⎭
(B6.1)

𝜙2,2 (t) =
𝜎T

4𝜋𝜀0 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z2

)2
]1∕2

(B6.2)

𝜙3,2 (t) =
𝜎T

4𝜋𝜀0

⎧⎪⎨⎪⎩∫
x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z3

)2
]1∕2

+ ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xE − x′

)2 +
(
yE − y′

)2 +
(
zE − z3

)2
]1∕2

⎫⎪⎬⎪⎭
(B6.3)

𝜙4,2 (t) =
−𝜎T

4𝜋𝜀0 ∫
x6

x5(t) ∫
L
2

− L
2

dx′dy′[(
xE − x′

)2 +
(
yE − y′

)2 +
(
zE − z4

)2
]1∕2

(B6.4)

𝜙5,2 (t) = 1
4𝜋𝜀0

(
QU

W21
+

𝜎TW20

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z5

)2
]1∕2

(B6.5)

𝜙6,2 (t) = −
QU

4𝜋𝜀0W10 ∫
x3

x1
∫

L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z6

)2
]1∕2

(B6.6)

𝜙7,2 (t) = 1
4𝜋𝜀0

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x5(t)

x4
∫

L
2

− L
2

dx′dy′[(
xF − x′

)2 +
(
yF − y′

)2 +
(
zF − z7

)2
]1∕2

(B6.7)

𝜙8,2 (t) = −
W21

4𝜋𝜀0W20

(
𝜎T −

𝜎TW20

W21
−

QU

W21

)
∫

x4

x2(t) ∫
L
2

− L
2

dx′dy′[(
xD − x′

)2 +
(
yD − y′

)2 +
(
zD − z8

)2
]1∕2

(B6.8)

For Equation (B5.1) – (B6.8), the coordinates of points A and D–F in Figure 1f are represented by (x𝛼 , y𝛼 , z𝛼), where 𝛼 denotes these
capital letters, respectively. zi (where i takes the value from 1 to 8) represents the z-positions of these different eight charged planes,
respectively; in particular, we have z2 = z3, z4 = z5 = z6, z7 = z8.
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